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Abstract. An approach to the stable solution of discrete ill-posed problems, based on a combination of random 
projection of the initial ill-conditioned matrix with ill-defined numerical rank and pseudo-inversion of the resulting 
matrix. To select the dimension of the projection matrix we propose to use model selection criteria. The results of 
experimental studies on the well-known examples of discrete ill-posed problems are given. Solution error is close to the 
Tikhonov regularization error, however the matrix dimension reduction due to the projection provides the possibility to 
decrease computational costs, especially at high noise levels. 
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1 Introduction 
 
Many practical applications require solving the inverse problem in the form: 

Aх ≈ b. (1) 

Here the matrix A and the vector b are known, the vector х must be evaluated. In case when 

- the singular values of A decay gradually to zero,  

- the ratio between the largest and the smallest nonzero singular values is large, 

the problem is known as discrete ill-posed problem [1].  

Approximate solutions of discrete ill-posed problems as the least squares problem using standard methods of 
numeric linear algebra such as LU, Cholesky, QR factorizations are unstable. It means that small perturbations in the 
input data lead to large perturbations in the solution.  

Ill-posed problems abound in many areas of science and engineering. Typical examples of discrete ill-posed 
problems arise from discretization of continuous ill-posed problems, such as Fredholm integral equations of the first 
kind. Important problems of spectrometry [2], gravimetry [3], magnitometry [4], electrical prospecting [5], etc. have the 
properties of discrete ill-posed problems.  

To overcome the instability and to improve the accuracy of solutions to discrete ill-posed problems, regularization 
methods have been proposed [1; 6; 7; 8]. Regularization imposes some constraints on the desired solution that stabilizes 
the problem and leads to meaningful and stable solution. For example, Tikhonov regularization [6; 1] penalizes 
solutions with large l2-norms.  

The drawbacks inherent in the methods of solving discrete ill-posed problems based on Tikhonov regularization 
include their high computational complexity and the difficulty of selecting the proper regularization parameter (penalty 
weight) which influences the solution stability. Therefore, alternative approaches are required for solving discrete ill-
posed problems that would have the accuracy comparable to Tikhonov regularization at lower computational costs.  

We develop such an approach using the ideas of our previous work on distributed representations and random 
projections [9; 10, 11]. Recently, researchers working in the area of numeric linear algebra applied similar ideas to get 
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fast randomized algorithms for the least squares problem, matrix factorization, principal component analysis, etc. It is 
therefore of interest to study those techniques and apply them to discrete ill-posed inverse problems.  

 This paper is structured as follows. In the first three sections, we provide a brief survey of linear least squares 
and discrete ill-posed problems, approximate matrix decompositions with randomized algorithms, and randomized least 
squares approximations. Then, we describe the approach we use to solve discrete ill-posed problems by several 
methods, including those employing random projections. We provide the bias-variance decomposition of solution error 
and show experimentally that it has a minimum at some value of the varied smaller dimension of the random projection 
matrix. 

Taking well-known test examples of discrete ill-posed problems of Carasso, Phillips, Delves and Baart, we obtain 
experimental results of their solution using both Tikhonov regularization and pseudo-inverse after a random projection. 
The comparison shows that the minimal error of the pseudo-inverse solution after a random projection is at the level of 
the standard Tikhonov regularization, but the solution is obtained faster, especially at the larger noise values. The final 
section provides conclusions and directions of future work.  

 
 

2 Linear least squares and discrete ill-posed problems  
Many applications in mathematics, physics, data analysis, etc. require finding an approximate solution to a system of 
linear equations that has no exact solution. For example, (1) with A∈ℜm×n for m>n or m<n or min(m,n) ≠ rank(A) 
generally does not have x such that Ax = b. The method of least squares selects x that minimizes the sum of squares of 
the elements of the residual vector by solving the optimization problem  

х' = argminх ||Ax – b||2. (2) 

It is well-known that the minimum-length vector among those satisfying (2) may be computed based on the Moore-
Penrose pseudo-inverse of the matrix A [12]:  

х' = A+b. (3) 

In particular, the traditional solution can be obtained by taking the derivative of ||Ax − b||2 = (Ax − b)T (Ax − b) 
with respect to x and setting it equal to zero. This gives the system of the so-called normal equations  

ATAx' = ATb (4) 

that should be solved to provide the minimizing vector x'. This requires the residual vector (Ax'−b) to be orthogonal 
to the column space of A, i.e., (Ax' − b)T A = 0. If the matrix ATA has full numerical rank and is well-conditioned, (4) 
can be solved using the Cholesky decomposition ATA = RTR, giving RTRx' = AT b, where R is an upper triangular 
matrix.  

In case A is rank-deficient or ill-conditioned, solution by a QR decomposition can be used. Here A=QR is obtained, 
where Q is an orthogonal matrix and R is an upper triangular matrix. Substituting it to (4), one obtains the system Rx' = 
QTb that can be immediately solved sequentially, by the backward substitution, since R is triangular.  

The Singular Value Decomposition (SVD) can also be used. SVD represents A as  

A = USVT, (5) 

where U is the matrix of left singular vectors with orthonormal columns, and V is the matrix of right singular 
vectors with orthonormal columns, S is the diagonal matrix of singular values.  

The Moore-Penrose generalized inverse, or pseudo-inverse, of A may be expressed in terms of SVD as  

A+  = VS–1UT. (6) 

Then the solution х' is obtained by (3).  

Known techniques find a solution to (2) in O(mn2) time. The SVD method is the most computationally intensive 
among those mentioned above, but it can be useful if A is very ill-conditioned. Let us consider this in more detail. 
Denote the i-th singular value of A as σi(A), σ1(A) ≥ σ2(A) ≥ ... ≥ 0, and the maximum and minimum singular value of 
A as σmax(A) = σ1(A) and σmin(A). The condition number of A is cond(A) = σmax(A)/σmin(A). When cond(A) is large, the 
matrix A is ill-conditioned, implying that the solution is potentially unstable and inaccurate. An indication of instability 
is the fact that small changes in the vector b (e.g. due to the noise) cause large changes in the solution x', and the 
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solution error is typically large, especially when the noise level increases. Actually, for large cond(A) the inverse of 
singular values in S–1 become very large, and so the values of x' components, due to (3) and (6).  

If there is a sharp gap in the spectrum of singular values, and the singular values after the gap are very small, they 
may be considered as noisy ones and are eliminated in some implementations by thresholding to overcome the 
instability. However, this does not work for discrete ill-posed problems, since, as mentioned in the Introduction, they 
does not have the gap in their singular values, and so their numerical rank is ill-determined and the choice of an 
appropriate numerical rank is not easy.  

The classical method of solving discrete ill-posed problems is Tikhonov regularization [6; 1]. The standard form of 
Tikhonov regularization problem is formulated as follows

хreg = argminх  (||Aх–b||2+λ||х||2), (7) 

where λ is the regularization parameter.  

Solution of (7) can be obtained by the method of filtered SVD [1]:  

хreg = V diag (fi / σi) UT y, (8) 

where fi = σ2
i /(σ2

i + λ2) are filter factors.  

One problem here is using the SVD of A, since it is a computationally expensive decomposition method. Another 
problem, that may appear even more important, is selecting the proper regularization parameter λ.  

A number of methods for selecting the regularization parameter have been proposed [8]. The L-curve method [13] 
makes a plot of ||xreg||2 vs ||Axreg – b||2 for all valid regularization parameters. For discrete ill-posed problems the L-
curve, when plotted in log-log scale, often has a characteristic L-shape appearance (hence its name). A distinct corner 
separates the vertical and the horizontal parts of the curve. The regularization parameter not far from the corner is 
selected as optimal.  

The discrepancy principle [7] chooses the regularization parameters such that the residual norm for the regularized 
solution satisfies ||Axreg – b||2 = ||e||2, where e in the norm of perturbation of the right-hand side, and therefore requires 
an estimation of ||e||2.  

The generalized cross-validation [14] method is based on the idea that an arbitrary element bi of the right-hand side 
b can be predicted by the corresponding regularized solution, and the choice of regularization parameter should be 
independent of an orthogonal transformation of b. This leads to choosing the regularization parameter that minimizes 
||Axreg – b||2 / D2, where D is a squared effective number of degrees of freedom (which is not necessarily an integer) that 
can be calculated as D = m – Σifi. Here the errors of b are considered as uncorrelated zero-mean random variables with a 
common variance, i.e., white noise.  

However, those methods do not always produce stable results. So, at the wrong values of the regularization 
parameter the error of solution may be substantial.  

Now, let us consider some recent randomized approaches whose ideas, in our opinion, may be useful for solving 
discrete ill-posed problems. Though randomization is aimed at faster computations, we are also interested in its 
employing for stabilizing the solution of discrete ill-posed problems.  

 

3 Randomized Least Squares Approximations  
In this section we consider recent work aimed at a rapid solution of the least squares approximation problem. Though 
the main ideas were considered in the previous section, in this area they are immediately applied to this very problem, 
and the error bounds and complexity are investigated directly for this case.  

As before, randomization is viewed as preconditioning the input matrix A, and now also the target vector b with a 
carefully-constructed data-independent random matrix X (often constructed from several other matrices). Thus, the least 
squares approximation problem (2) is replaced with 

х' = argminх ||Xb−XAх||2. (9) 

Solution to (9) can be explicitly computed using some traditional deterministic algorithm, e.g., SVD, to compute the 
generalized inverse  

x' = (XA)+ Xb. (10) 
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Alternatively, standard iterative methods could be used, such as the Conjugate Gradient Normal Residual method. It 
can produce an ε-approximation to the optimal solution of (9) in O(cond(XA) rn log(1/ε)) time, where cond(XA) is the 
condition number of XA, and r is the number of rows of XA. 

The idea to apply randomization to the least squares problem using sampling was proposed in [15]. [16] pioneered 
applying a random projection matrix to this problem. The error bounds and speed for both approaches were improved in 
[17] for the over constrained (m>>n) least squares approximation problems.  

Their random sampling algorithm starts by preprocessing the matrix A and the right hand side vector b with a 
randomized Hadamard transform H. It then constructs a smaller problem by uniformly randomly sampling a small 
number r of constraints from the preprocessed problem. So, here X = SH, where S is a matrix that represents the 
sampling operation. Then, this algorithm solves the least squares problem on just those sampled constraints.  

In a similar manner, the second algorithm also initially transforms the input A and b by H. Then it multiplies the 
result by a sparse projection matrix T of O(n/ε) × m. So, here X = TH. Finally, the second algorithm solves the least 
squares problem on just those O(n/ε) coordinates to obtain n-vector x'.  

In both cases, the solution to the smaller problem provides a relative-error ε-approximation to the exact solution, 
while making no assumptions on the input data. And if m is sufficiently larger than n, the approximate solution can be 
computed in o(mn2) time. Traditional methods (of Gauss, etc.) find a solution in O(mn2) time.  

In [18] similar techniques were used to analyze theoretically and evaluate empirically random-projection based 
algorithms for overdetermined least-squares problems. X implements the subsampled randomized Fourier transform. 
Their procedure computes an n-vector x such that x minimizes the Euclidean norm Ax−b to a relative precision ε. The 
algorithm typically requires O((log(n) + log(1/ε))mn + n3) floating-point operations, whereas the earlier algorithms 
involve costs proportional to 1/ε. This cost is less than O(mn2) required by the classical schemes based on QR-
decompositions or bidiagonalization. Moreover, the methods extend to underdetermined (m<n) least-squares [19]. 

 

4 Solving discrete ill-posed inverse problems by the random projections method  
 
Now let us consider discrete ill-posed problem in the for m: 

Фх = у. (11) 

Here we have the matrix Ф∈ℜN×N with singular values σi gradually decaying zero and large condition number. The 
vector у∈ℜN is distorted by the additive noise ε∈ℜN: у=y0+ε.  

Let us use the randomized algorithms (described in the survey sections above) not only to accelerate, but also to 
stabilize the solution x' of the ill-posed problem, as follows. Multiply both sides of (11) by the matrix Ω∈ℜK×N, K≤N, 
whose elements are realizations of a normal random variable with zero mean and unit variance. The number of columns 
N of matrix Ω is determined by the dimension of the matrix Ф, the number of rows K is a priori unknown since the 
numerical rank of Ф is ill-determined and the required numerical rank of approximation is unknown. We obtain 

ΩФ x = Ωу, where ΩФ ∈ℜK×N, Ωу∈ℜK. (12) 

Then the least-squares problem is  

хPr = argminх ||ΩФ x – Ωу||2. (13) 

Signal reconstruction based on pseudo-inverse is obtained as 

хpinPr = (ΩФ)+ Ωу. (14) 

The accuracy of solving the inverse problem will be evaluated using the error e of the true signal recovery

e=||х–х'||=||e||,  (15) 

where x ' is the reconstructed signal vector, e is the solution error vector. 

The error vector e is represented [20; 21] as the sum of bias and variance. Let us calculate them for our task as 
follows. Denote P the operator that transforms y to x': x' = Py. Then, taking into account that y= y0+ε and y0=Фх0, the 
expression for x' can be represented as: 

х' = P (y0 + ε) = P y0 + P ε = P Фх0 + P ε. (16) 

Using the expression for x', we obtain the expression for e: 
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e = х' – x = P Фх – x + P ε = (P Ф – I)х0 + P ε. (17) 

Thus,

e = e1 + e2, где e1, e2∈ℜN, e1= (P Ф – I)x, e2=P ε. (18) 

e1 is called bias, e2 is called variance [20; 21]. 

To obtain the solution without projection, we use the following methods. 

The pseudo-inverse solution based on SVD is actually computed as:  

хpin = Ф+ y, Ppin = Ф+ = V diag (φi / σi) UT, iff σi>tresh φi=1, otherwise φi =0. 

tresh = max(k,N) eps(max(σi)), 
(19) 

where U, V, S are obtained by SVD of Ф = USVT; σi = diag S are singular values, the elements of a diagonal 
matrix S; floating-point relative accuracy eps(z) is the positive distance from abs(z) to the next larger in magnitude 
floating point number of the same precision as z. 

Here the bias-variance decomposition is 

e1pin= (Ppin Ф – I)x0, e2pin= Ppin ε. (20) 

For the solution based on Tikhonov regularization (7)

Preg = V diag (fi / σi) UT, where fi = σ2
i /(σ2

i + λ2) are filter factors. (21) 

ereg = хreg–x0 = Preg(Фx0 + ε) – x0 = (Preg Ф – I) x0 + Preg ε; (22) 

e1reg = (Preg Ф – I) x0, e2reg = Preg ε. (23) 

After the projection, the bias-variance decomposition of the solution error vector takes the following forms.  

By analogy to (17), we can write: 

ePr = хPr – x0 = PPr Ω y – x0 = PPr Ω (Фx0 + ε) – x0 = (PPr ΩФ – I) x0 + PPr Ωε, (24) 

where хPr is the solution after projection, PPr is the operator that transforms Ωy to хPr: хPr = PPr Ωy.  

For the pseudo-inverse solution after the projection:  

PpinPr = С diag ( φi /si) BT, (25) 

where B, C, Σ are the SVD result for the matrix ΩФ = B Σ CT, si = diag Σ are singular values, the elements of the 
diagonal matrix Σ, si are thresholded by φi as in (19). The error terms are 

e1pinPr = (PpinPr ΩФ – I)x0, e2pinPr = PpinPr Ωε; e1pinPr+e2pinPr = epinPr , (26) 

where epinPr is the solution error vector for the pseudo-inverse using the random projection.  

Pseudoinverse solution based on QR factorization is realized as follows: 

хQR = (QTR)+ QTy, PQR == (QTR)+ QT (27) 

where Q and R are obtained as QR factorization of the matrix ΩФ = QR;  

e1QR= (PQR Ф – I)x0, e2QR= PQR ε. (28) 

Fig.1 shows the dependences of the two error terms on K: the norm of the bias error term e1 = ||e ||  and variance e2 1 2

= ||e ||  (24)-(26) obtained for the solution by the 2 2 method of random projection with random matrix Ω(k×n) for noise 
levels 1E-3 1E-5 1E-7.  

With the increasing K, ||е1|| decreases and ||е2|| increases, so that ||е1+е2|| has a minimum. When the noise level 
increases, position of the error minimum shifts towards the lower values of K. This occurs because the dependence of 
||е1|| on K is practically the same for all levels of noise, whereas ||е2|| increases with the increasing noise level.  

This behavior of the error occurred for all investigated ill-posed inverse problems with noise levels above a certain 
minimum. Thus, to obtain a solution with a minimal error, a random projection matrix with the dimension K close to the 
optimum should be used. However, determining the optimal value of K using the graph of the signal reconstruction 
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error vs K is impossible, since the expression for the error e (15) contains the unknown vector of the true solution. We 
propose to estimate K corresponding to the error minimum by minimizing a model selection criterion. The best-known 
model selection criteria are CP of Mallows [22] AIC of Akaike [23] and MDL of Bin Yu [24].  
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Fig.1. The dependences of bias e1, variance e2, and the total error e on K at the noise levels 10 , 10 , 10  for the –7 –5 –3

solution of the Phillips problem 
 
 
4.1 Experimental investigation  
 
Let us conduct an experimental investigation using well-known discrete ill-posed problems: Carasso, Phillips, Delves 
and Baart [24].

In all problems, the matrix Ф has dimensionality of 
200×200. The right-hand side y  0 is distorted by an 
additive noise with the normal distribution and various 
amplitudes. The random projection matrix Ω∈ℜK×N, 
N=200, K≤N is the Gaussian random matrix with the 
entries of zero mean and unit variance. 

We compared experimentally the following 
methods for solving discrete ill-posed inverse problems

1. Solution based on the pseudoinversion (5),  

2. Tikhonov regularization (7) with choice of the 
regularization parameter according to the method: 
generalized cross-validation GCV; generalized 
discrepancy DSC; L-curve LC.  

The solution for the Tikhonov regularization 
obtained by using the programs Regularization Tools 
[25].  

3. Solution based on the pseudoinversion 
(PseudoInverse) with projection of the random matrix 
Ω (13) and orthogonalized matrix Q (22) and the 

choice of their dimensions, using the criteria: Bin Yu MDL; Mallows Cp; Akaike AIC.  
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Fig.2. The computation times of pseudo-inverse solutions vs 
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QR+Pinv – random projection orthogonalized  
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 M(err) ско M(err) ско M(err) ско 
Carroso nl=1E–4 nl=1E–6 nl=1E–8 

PseudoInverse 1.1e+04 1.1e+03 119 16.6 1.179 0.27 
Tikhonov GCV 0.258 0.087 0.048 0.013 0.017 0.003 
Tikhonov DSC 0.185 0.012 0.039 0.003 0.016 3e-4 
Tikhonov LC 0.522 0.085 36.99 58.8 1.178 0.27 

Phillips nl=1E–4 nl=1E–6 nl=1E–8 
PseudoInverse 841.9 274.6 7.82 3.25 0.079 0.017 
Tikhonov GCV 0.033 0.041 0.003 4.9e-4 7.35e-04 3.7e-5 
Tikhonov DSC 0.013 0.002 0.002 1.8e-4 6.2e-4 8.7e-6 
Tikhonov LC 0.582 0.119 1.090 0.448 0.029 0.008 

Delves nl=1E–4 nl=1E–6 nl=1E–8 
PseudoInverse 323 20.0 3.36 0.23 0.034 0.004 
Tikhonov GCV 0.26 0.14 0.084 0.006 0.024 0.001 
Tikhonov DSC 0.18 0.02 0.082 0.002 0.028 0.002 
Tikhonov LC 0.18 0.02 0.145 0.010 0.026 0.002 

Baart nl=1E–5 nl=1E–7 nl=1E–9 
PseudoInverse 1.14E+08 7.04E+07 9.40E+05 5.92E+05 11649 3558 
Tikhonov GSV 2.92E+07 9.24E+07 40920 116648 2313 7314 
Tikhonov DSC 0.107 0.027 0.064 0.002 0.038 0.001 
Tikhonov LC 0.075 0.015 0.063 0.007 0.046 0.013 

Table 1  

Mean and std of the error for the Carasso, Phillips, Delves, Baart problems 
solution using Pseudoinverse and Tikhonov regularization 

 
Table. 1 shows the solution of discrete ill-posed problems of Carasso, Phillips, Delves, Baart for three levels of 

noise nl in y by traditional methods without projection – pseudoinverse (PseudoInverse) and Tikhonov regularization 
(Tikhonov) with some choice of the regularization parameter (CRP). The average values M(err) and standard deviations 
for 10 realizations of noise in y are given.  

Pseudoinverse provides reasonable solution error only at the lowest level of noise and only in some tasks, and can 
not be used in all the tasks at high levels of noise due to very large errors. Using regularization significantly reduces the 
solution error.  

For the problems of Carroso, Phillips, Delves, Tikhonov regularization with DSC provides the lowest solution error 
among the deterministic methods. Similar results have are obtained with GCV. For the problem of Baart, Tikhonov 
regularization with LC and DSC works well. GCV for this problem works very poorly.

For some CRP, unstable results are obtained – at some noise realizations, the error of solution is very large and may 
be close to the PseudoInverse error. 

Figure 2 shows the computation times of different techniques vs K. As expected, the solution based on pseudo-
inverse without random projection has a constant and rather large computation time compared to the solutions using 
random projection at the smaller values of K. For example, at K=30, the computation time with random projection 
(~0.003s for both considered projection methods) is 20 times less than that of ordinary pseudoinverse without random 
projection (0.06s). This time reduction is because the singular value decomposition is performed on the resulting (N×K) 
matrix after the projection, where K is a small fraction of N of the original (N×N) matrix Φ. Particularly large gains are 
achieved at the higher noise levels because their optimal K is small. 
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 M(e) ско M(k) ско M(e) ско M(k) ско M(e) ско M(k) ско 
Phillips nl=1E–4 nl=1E–6 nl=1E–8 

e G 0.041 6e-3 13.9 1.9 6.1e-3 1.2e-3 28.7 2.1 9e-4 7e-5 67.3 3.0 
MDL G 0.064 3e-2 15.9 2.5 6.6e-3 1.1e-3 28.4 4.3 1.4e-3 4e-4 48.1 6.1 

Cp G 0.059 2e-2 15.5 2.3 7.5e-3 1.5e-3 32.6 3.1 9.5e-4 8e-5 61.6 6.0 
AIC G 0.13 0.12 18.7 4.3 0.017 0.014 42.7 10.2 9.6e-4 8e-5 68.9 1.1 

e Q 0.013 3e-3 15.5 1.4 2.2e-3 3e-4 32.1 3.2 6.3e-4 1e-5 69.0 1.2 
MDL Q 0.017 4e-3 13.2 1.0 2.9e-3 5e-4 26.3 1.9 9.1e-4 2e-4 44.0 4.8 

Cp Q 0.023 6e-3 11.7 0.9 3.3e-3 6e-4 25.0 1.6 7.8e-4 6e-5 49.6 3.5 
AIC Q 0.019 7e-3 18.1 2.4 2.8e-3 1.1e-3 35.8 3.9 6.4e-4 1e-5 67.0 2.3 
Carroso nl=1E–4 nl=1E–6 nl=1E–8 

erG 0.63 0.17 22.4 3.8 0.081 0.013 45.3 2.8 0.025 3e-3 69.8 0.6 
MDL G 0.74 0.31 23.0 4.1 0.086 0.017 46.1 2.5 0.028 0.06 63.1 5.8 

Cp G 0.69 0.2 20.6 4.5 0.088 0.017 46.5 2.6 0.025 3e-3 69.5 0.9 
AIC G 1.26 1.03 27.4 6.1 0.139 0.086 55.4 6.6 0.025 3e-3 69.7 0.5 

e Q 0.19 0.02 26.2 1.4 0.044 0.003 48.9 2.4 0.021 1e-3 69.9 0.3 
MDL Q 0.27 0.05 19.7 2.4 0.049 0.003 39.1 2.9 0.023 9e-3 61.6 11 

Cp Q 0.34 0.05 17.3 1.6 0.055 0.005 36.4 2.7 0.021 1e-3 69.3 0.9 
AIC Q 0.31 0.13 27.8 2.8 0.049 0.003 52.6 5.8 0.021 1e-3 69.8 0.4 
Delves nl=1E–4 nl=1E–6 nl=1E–8 

e G 0.282 0.05 3.1 1.2 0.12 0.01 23.5 3.47 0.056 3e-3 69.7 0.5 
MDL G 0.497 0.03 4.1 2.7 0.13 0.01 23.7 5.12 0.072 7e-3 42.1 7.6 

Cp G 0.390 0.17 4.1 1.4 0.13 0.01 21.1 5.13 0.057 3e-3 67.1 2.5 
AIC G 0.680 0.52 6.8 3.9 0.25 0.09 46.0 8.74 0.057 3e-3 67.5 2.6 

e Q 0.177 0.02 8.3 2.5 0.08 0.005 32.7 4.16 0.052 2e-3 70.0 0.0 
MDL Q 0.195 0.02 4.7 0.7 0.10 0.01 20.8 3.91 0.069 7e-3 40.0 8.0 

Cp Q 0.227 0.02 3.1 0.9 0.11 0.01 16.1 2.64 0.055 1e-3 61.3 4.1 
AIC Q 0.186 0.02 6.6 1.1 0.11 0.01 43.2 3.19 0.053 2e-3 67.2 3.8 
Baart nl=1E–5 nl=1E–7 nl=1E–9 
e G 0.16 0.04 4.0 0.67 0.07 0.01 5.10 0.32 0.05 0.01 6.60 0.52 

MDL G 76.8 170 5.8 1.03 0.11 0.06 5.60 0.52 0.06 0.01 6.40 0.52 
Cp G 76.8 170 5.8 1.03 0.11 0.06 5.60 0.52 0.06 0.01 6.40 0.52 

AIC G 104 183 5.9 1.10 0.11 0.06 5.70 0.48 0.06 0.01 6.50 0.53 
e Q 0.07 0.00 5.0 0.00 0.06 0.00 6.00 0.00 0.04 0.00 7.00 0.00 

MDL Q 0.14 0.02 4.1 0.32 0.07 0.00 5.00 0.00 0.04 0.00 7.00 0.00 
Cp Q 0.14 0.00 4.0 0.00 0.07 0.00 5.00 0.00 0.04 0.00 7.00 0.00 

AIC Q 0.07 0.00 5.0 0.00 0.06 0.00 6.00 0.00 0.04 0.00 7.00 0.00 

Table 2 Mean and std of the solution error and std of the selected 
dimensionality k for the Carasso, Phillips, Delves problems 

 

5 Conclusion 
 
An experimental study of methods for solving ill-posed inverse problems, for which singular values of matrix Ф 
gradually decrease to zero, Ф has a high condition number and у is corrupted by additive noise, was done. The test 
problem solution obtained by the pseudo-inverse and Tikhonov regularization with various parameter selection method 
was compared to the solution by the same methods, but using a random projection matrix Ω(k×N). The error 
partitioning into bias ||е1|| and variance ||е2|| was done. Investigation of the error components behavior on the number of 
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rows k of matrix Ω showed that ||е1|| decreases with increasing k, and ||е2|| grows. In the above problems ratio ||е1|| and 
||е2|| is so that ||е1+е2|| has a minimum. With increasing noise level position of the error minimum shifts to lower values 
of k, and the error value at the minimum increases. 

With proper choice of k, the accuracy of the method based on the matrix pseudo-inverse with projection, for the 
investigated problems is at the level of regularization method. Error solution by pseudo-inverse without projection is 
high and the method of pseudo-inverse without projection is not suitable for the considered inverse problem. Thus, the 
study and use of methods based on pseudo-inverse with projection is a promising due to their stability, manifested in the 
smooth variation of the relative error signal recovery with increasing noise, and also because of lower computational 
cost of singular value decomposition of A (since k<N).  

 
The author is grateful to Dmitri A. Rachkovskij for comprehensive help and support.  
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